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Using nonlinear programing and the geometry projection method, the quality factor of the monopole
mode of a single defect photonic crystal laser cavity is improved from 38 000 to 87 000. Beginning
with a design that considers only round air holes shifted away from the cavity, the radius of the
nearest neighbor and of the surrounding air holes are optimized while satisfying a constraint on the
resonant frequency. The total reflectivity of the photonic crystal laser structure is then defined, and
it is shown that this quantity correlates strongly to the total quality factor. The reflectivity of the
structure is improved by altering the shape of the holes immediately surrounding the cavity, thus
leading to an improvement in quality factor. The geometry projection method is used to define the
shape of the holes and the finite element and adjoint methods are used to compute the objective
function and sensitivities required by the optimizer. This work demonstrates one way to optimize the
Q factor of a photonic crystal laser by altering the hole shape. © 2008 American Institute of Physics.
�DOI: 10.1063/1.2838173�

INTRODUCTION

Single defect photonic crystal laser �PCL� cavities em-
ploy a defect in a regular pattern of air holes etched into a
thin freestanding dielectric slab to strongly confine light into
a cavity region.1 The PCL is a promising device due to its
small laser cavity mode volume and high Q factor.2,3 The
defect is usually formed by leaving a single hole unetched
and changing the hole positions and radii immediately sur-
rounding the cavity, the so-called nearest neighbor holes.4

The effects of nearest neighbor hole radius on the Q factor
have been limited to parameter searches via the finite differ-
ence time domain �FDTD� method.5–9 Other works have
shown that the nearest neighbor holes need not be circular;
elliptical10 and half-moon11 shaped holes as well as an elon-
gation along one axis12 all result in high Q-factor structures.
Indeed, random disorder is known to improve the Q factor of
certain types of cavities.13 The surrounding air hole lattice
need not even have a periodic pattern; circular photonic crys-
tal patterns14,15 and quasiperiodic patterns16 can also create
an effective optical confinement. It is clear that various types
of defects can improve the Q factor and that this design
space has not yet been fully investigated.

This work uses the method of moving asymptotes
�MMAs�,17 a gradient based optimization algorithm, to im-
prove the Q factor of the monopole mode of a single defect
PCL by altering the shape of the nearest neighbor holes. The
shape of these holes is described via the geometry projection
method �GPM�. The GPM uses the intersection of a level
plane with a three-dimensional surface fitted through a set of
control points to define the hole pattern. The optimization
problem can thus be defined with respect to the heights of

these control points. The GPM was originally developed for
structural optimization18 and was recently applied to photo-
nics problems.19 The Q factor of the PCL is computed by the
finite element �FE� method20 and the sensitivities required by
the MMA are computed by the adjoint method.21

A simple parameter search over nearest neighbor hole
radius and surrounding hole radius is used first to find a
starting condition with a high Q factor. This parameter
search considers an additional constraint: the frequency of
the resonant mode is fixed. This constraint is satisfied by
rescaling the thickness of the structure. Next, the total reflec-
tivity of the PCL structure is defined, and it is shown that an
improvement in reflectivity correlates with an improvement
in Q factor. The case with the highest Q factor with respect
to these two parameters is used as a starting condition for the
MMA. The MMA then improves the reflectivity by altering
the hole shape and thus improves the Q factor.

COMPUTING THE Q FACTOR

The Q factor of the monopole mode of a PCL is calcu-
lated here by the FE method. Although the FE method re-
quires more computational resources than the commonly
used FDTD method, it has one significant advantage: it can
easily be extended to compute material sensitivities via the
adjoint method. Computing these material sensitivities is a
requirement of the GPM optimization algorithm used later.
The commercial package COMSOL is used for all calculations.
The present work is the first application of the FE method in
calculating the Q factor of a PCL.

The FE model used is shown in Fig. 1. Since the mono-
pole mode and the structure are symmetric about the x-y
plane and sixfold symmetric in the plane, only a small slice
of the entire structure needs to be modeled. The PCL beinga�Electronic mail: htj@uiuc.edu.
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optimized is composed of four epitaxially grown InGaAsP
quantum wells with a cladding region above and below. This
structure has an emission peak at 1488.5 nm and primarily
emits light with the electric fields polarized parallel to the
plane of the slab. The dielectric slab is modeled using two
different domains, an inner domain, with dielectric �=13.6
representing the quantum well active regions, and an outer
domain, �=12.7 representing the cladding. These properties
are found by linear interpolation.22 The remainder of the do-
main is air, with �=1. Perfectly electrically conducting
boundary conditions are applied to the vertical symmetry
planes of the domain and a perfectly magnetically conduct-
ing boundary condition is applied to the bottom symmetry
plane. The remaining boundaries, to free space, are modeled
using an absorbing boundary condition �ABC�. If the ABC is
placed far enough away from the slab, then spurious reflec-
tions from the ABC are minimized. The ABC is placed here
a half wavelength away from the surface of the PCL. The
structure is meshed using second order vector elements;
mesh refinement studies show that the element size and order
are sufficiently accurate. The maximum element size used
anywhere in the domain is � /4n, where n is the local refrac-
tive index; the total number of degrees of freedom is ap-
proximately 100 000.

The Q factor is Q=2�fU / P, where U is the integral of
the time averaged total energy stored within the calculation
domain, P is the integral of the power leaving the domain,
and f is the frequency at resonance. The fields at resonance
and the resonant frequency are found by solving an eigen-
value problem.

FINDING AN INITIAL CONDITION FOR THE
OPTIMIZATION

The MMA optimization algorithm used here requires an
initial condition or a PCL hole pattern from which to start the
optimization. Although any initial condition could be used, it
is reasonable to first use a conventional approach and then to
make further improvements via the GPM method, described
later.

The conventional approach to optimizing the Q factor of
a PCL is to choose several evenly spaced values of the non-

dimensional slab thickness t /a, the nearest neighbor hole ra-
dius r� /a, and the surrounding hole radius r /a to find the
best combination.9 Although this approach is simple to
implement, it offers no control over the resonant frequency
of the cavity. An improved approach is used here. Since the
desired output wavelength of the PCL is known, as well as
the actual thickness of the slab, the nondimensional slab
thickness is constrained. At resonance, the following rela-
tionship must hold:

tactual

�desired
=

t

a

a

��t�
, �1�

where �desired corresponds to the wavelength at the desired
resonance and a /��t� is a function of both the slab thickness
and the hole pattern and can only be found by solving the
eigenvalue problem described above.

The parameter studies done here all rescale the nondi-
mensional thickness to satisfy the constraint of Eq. �1�. The
model is solved and, based on the computed a /�, the nondi-
mensional thickness t /a is adjusted such that the constraint is
approached; this is repeated until the constraint is satisfied to
within a tolerance of �0.0001t /�.

Parameter studies of the nearest neighbor hole radius
r� /a and the nominal hole radius r /a are presented in Figs. 2
and 3 for a structure with a total of six rows of holes. All
points satisfy the condition that t /�=280 nm /1488.5 nm.
The different curves are for different r /a. All the curves
exhibit the same trend—a sharp peak in Q factor as a func-
tion of r� /a. The peaks of the curves are found via a simple
bisection search. The authors are not aware of any other
works that study these peaks in such detail or that consider
the constraint on resonant frequency. The maximum Q factor
of �42 000 occurs at r /a=0.315 and r� /a=0.224. Figure 3
plots the maximum Q factor as a function of r /a, that is,

FIG. 1. The finite element model used to calculate the Q factor. Only four
rows of holes are shown here for clarity; six rows of holes are used in all
calculations.

FIG. 2. The Q factor as a function of nearest neighbor hole radius r� /a for
various choices of surrounding hole radius r /a. The parameter search is
refined via the interval bisection near the peak. The thickness of the slab is
adjusted such that the computed resonant frequency satisfies the constraint
�t /a��a /�resonant�=0.188.
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each point in this plot represents a parameter space search
over r� /a, and satisfies the constraint of thickness given by
Eq. �2�.

Figure 2 shows that the Q factor is a strong function of
the nearest neighbor hole radius, while Fig. 3 shows that the
Q factor is only a weak function of the surrounding hole
radius. Since the magnitudes of the fields decay rapidly away
from the cavity, it makes sense that the shape of the nearest
neighbor hole has the greatest effect on the Q factor. Thus, it
is most reasonable to optimize the shape of the nearest
neighbor hole.

This study demonstrates both the advantages and disad-
vantages of the parameter space search method. Searching
over a small range of r� /a is simple and very straightforward
to implement, but satisfying the thickness constraint still re-
quires tens of model solutions to find the optimum r� /a for a
particular choice of r /a. Searching over r /a increases the
number of solutions by almost an order of magnitude since
the search over r� /a must be repeated for each r /a. How-
ever, there is no particular reason to assume that this choice
of parameter space, r� /a and r /a, is optimal. The choice of
parameter space limits the final design to round holes, but it
is known that the holes need not be round. The GPM that is
used in the next section relaxes almost all constraints on the
shape of the holes, but it does not directly optimize the Q
factor, rather, the total reflectivity is optimized which leads
to an improvement in Q factor.

CORRELATING Q FACTOR WITH REFLECTIVITY

The Q factor of a PCL is a function of cavity material
properties and cavity geometry. For complex three-
dimensional structures, there are no simple ways to calculate
it without solving a computational model. However, there are
some trends that can be predicted from simpler models of
lasers. For instance, the Q factor of a simple one-dimensional
laser cavity model23 is

Q =
2�nd

�

�R1R2�1/4

1 − �R1R2�1/2 , �2�

where n is the refractive index inside the cavity, � is the
wavelength at resonance, d is the length of cavity, and R1 and
R2 are the reflectivities of the mirrors on each side of the
cavity. The material properties n, size d, and lasing wave-
length � of the cavity are assumed for the moment to be
fixed. Under this assumption, only the reflectivity of the mir-
rors surrounding the cavity can improve the Q factor. Al-
though this equation applies only to one-dimensional laser
cavities with a fixed mirror reflectivity and a well defined
boundary between the cavity and the mirrors, the trends pre-
dicted by this model should similarly apply to PCL cavities.
That is, an increase in reflectivity, optical confinement, must
lead to an increase in Q factor.

The reflectivity of a structure is a measure of how much
of the energy incident upon the structure from a certain di-
rection, and at a certain frequency, is reflected back toward
the source. That is, it quantifies the optical confinement. The
reflectivity of a PCL cavity is not a quantity that can be
measured experimentally but is defined here via the FE
model shown in Fig. 4, which is identical to the model used
to calculate the Q factor with three exceptions. First, the
reflectivity model includes a perfectly matched layer �PML�
in the center of the PCL structure. This material acts as an
absorber: any light reflected back into the center will be al-
most completely absorbed. The second difference is that this
model includes a source term. Immediately surrounding the
central PML region, a line of constant current is applied to
one edge. This source term mimics the emission from the
quantum well regions: the fields produced by this line of
current have the appropriate in-plane polarization and over-
lap the shape of the expected monopole mode. The quantum
wells emit primarily TE polarized light, and the electric
fields of the monopole mode are already known to be aligned
with the emission from the quantum wells. The fields in-
duced by the line of current used here are a good approxi-
mation to the fields at resonance. The last difference in this
FE model is that the solutions are found from a forced exci-
tation, rather than an eigenvalue, solution. The reflectivities

FIG. 3. The maximum Q factor as a function of surrounding hole radius
r /a. The nearest neighbor hole radius r� /a at each point is shown in Fig. 2.
The function does not have a sharp peak; a peak Q factor of over 40 000 is
found for r /a�0.31–0.33.

FIG. 4. The finite element model used to calculate the total reflectivity. The
model has the same boundary conditions and material properties as the
model used to calculate the Q factor, but it has a PML region in the center,
a line of current around the PML.

033102-3 Frei, Johnson, and Choquette J. Appl. Phys. 103, 033102 �2008�

Author complimentary copy. Redistribution subject to AIP license or copyright, see http://jap.aip.org/jap/copyright.jsp



are calculated at the resonant frequency of the structure, as
computed by the previous model. The reflectivity is com-
puted by integrating the Poynting vector over the boundaries
to free space or the power leaving the structure, i.e., the
transmittance T. The reflectivity is R=1−T.

The qualitative relationship between the Q factor and
reflectivity is shown in Fig. 5. The Q factor and the total
reflectivity are plotted as a function of nearest neighbor hole
radius for a structure with surrounding hole radius of r /a
=0.35. The reflectivity is calculated at the frequencies of the
resonant mode. Although they do not correlate exactly, the
curves do exhibit the same trend, thus verifying that an in-
crease in reflectivity should lead to an increase in Q factor.

OPTIMIZING Q FACTOR VIA THE GPM

The objective of the optimization problem solved here is
to increase the total reflectivity at the resonant frequency of
the monopole mode by altering the hole shape. This problem
is complicated by the fact that as the holes are altered to
improve the reflectivity, it is possible to shift the frequency
of the resonant mode of the structure. A strategy to address
this is introduced. The FE model used in the optimization is
identical to the model used above to compute reflectivity
except that it uses a different mesh and has an optimization
region in which the material properties are defined by the
GPM.

The FE model and mesh used in the optimization are
shown in Fig. 6. The optimization domain, an arbitrary re-
gion around the nearest neighbor hole but not intersecting the
next row of holes, is meshed with triangular prismatic ele-
ments of maximum size of a /24. The dielectric properties in
the optimization region are defined via the GPM, using a
square grid of control points with spacing of a /10. The
implementation of the GPM used here is identical to that
previously presented by the authors.19 The remainder of the
slab is also meshed with triangular prismatic elements. The
surrounding air is meshed with tetrahedral elements. There
are four elements through the thickness of the slab. At this

mesh density, there are almost 500 000 degrees of freedom
in the complete model. Solving a forced excitation problem
of this size using the direct linear equation solver in COMSOL

on a 64 bit processor �1.8 GHz Opteron 265� takes about 1 h
and requires around 6 Gbytes of random access memory.

The objective of the optimization problem is to increase
total reflectivity or to increase the amount of energy that is
reflected back into the cavity region. To increase the Q fac-
tor, the reflectivity must be improved at the frequency of the
resonant mode, which is not directly controlled during the
optimization. However, by optimizing the normalized reflec-
tivity at several frequencies around the resonant mode of the
initial structure, it is observed that the resonant mode does
not shift significantly. Increasing the reflectivity is equivalent
to reducing the transmittance, which can be normalized with
respect to the transmittance of the initial structure. The opti-
mization problem is thus

min
q

�
i

P�q, f i�/P0�f i� , �3�

where P0 is the transmitted power of the initial structure at
the ith frequency f i, P is the transmitted power of the opti-
mized structure, and q are the heights of the control points
used by the GPM to define the dielectric distribution in the
optimization domain. This problem is solved by the MMA,
and the problem is considered converged when the change in
the objective function is less than 0.0001 between iterations.

Starting with the design achieved by the parameter space
search performed above, the total reflectivity is improved by
altering the hole pattern via the GPM. The initial design has
a nearest neighbor hole radius of r� /a=0.244, a hole radius
of r /a=0.315, and a nondimensional thickness of t /a
=0.618. The resonant mode of this structure is at �a /2�c
=0.304. The normalized transmitted power is minimized at
�a /2�c=0.300,0.305,0.310.

The improved shape of the nearest neighbor holes and
the magnitude of the z component of the magnetic field is
plotted for the initial and optimized structure in Fig. 7. By
improving the total reflectivity, the Q factor is more than
doubled, from �38 000 to �87 000. Although the optimiza-
tion is run at a constant nondimensional thickness using a
material distribution defined by the GPM, an additional veri-

FIG. 5. The Q factor and total structural reflectivity as a function of nearest
neighbor holes for a structure with surrounding hole radius of r /a=0.35.
The structural reflectivity and Q factor exhibit the same trends.

FIG. 6. The finite element model used for reflectivity optimization �left� and
the mesh used �right�. Some elements are removed for clarity.
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fication step is introduced that interprets the GPM data and
adjusts the thickness of the slab such that the constraint of
Eq. �1� is satisfied.

Figure 7 shows the magnitude of the Hz fields for the
unoptimized and optimized designs. The fields are more
strongly confined in the optimized design. This may be due
to the broadening of the interface between dielectric and air;
looking outward from the center, the location of the interface
is brought closer. This two-dimensional plot of the fields
does not capture the full complexity of the three-dimensional
solution, but the approximate improvements are illustrated
reasonably well in this cross-sectional view.

The designs as defined by the GPM are verified by cre-
ating a new FE model using the level set curves that delin-
eate the material boundaries. This verification FE model is
identical to the model used above to calculate the Q factor; it
varies only in the shape of the nearest neighbor holes. The
level set curves are used to create geometry that can be
meshed using conformal elements rather than the fine mesh
used by the optimization FE model. This significantly speeds
up the verification calculation. There is an error of approxi-
mately 10% introduced into the calculations by this interpre-
tation. There is also some imprecision introduced when con-
verting the level set curves of the GPM into the nonuniform
rational B-spline �NURBS� surface definitions used by COM-

SOL. The nondimensional thickness t /a of this model is it-
eratively adjusted, as described above to satisfy the con-
straint on resonant frequency. The thickness is adjusted
between t /a=0.618 and 0.622, a negligible change which
indicates that the strategy discussed above effectively mini-
mizes the frequency shift of the resonant mode.

The total computed Q factor of a PCL is often divided
into two components: an in-plane component and a vertical
component that combine to give the total Q factor or

Qtot = � 1

Qin plane
+

1

Qvertical
�−1

= 2�f
U

Pin plane + Pvertical
,

�4�

where Pin plane is the power leaving the computational do-
main over the boundaries vertical to the slab and Pvertical is
the power leaving through the boundaries parallel to the slab.
Qin plane describes the optical confinement in the plane and is
primarily a function of the number of rows of holes in the
slab. It can always be increased by increasing the number of

rows of holes. Qvertical is primarily a function of the hole
pattern immediately in the vicinity of the cavity and the
strength of the dielectric-air interface and is thus not as easy
to improve.

Since Qin plane is trivial to improve by adding additional
rows of holes, the optimization should primarily address
Qvertical. Qtot, Qin plane, and Qvertical are plotted in Fig. 8 for the
initial design and during the optimization. For the initial de-
sign, Qvertical is much less than Qin plane; thus, improving
Qvertical will lead to a greater improvement in Qtot than im-
proving Qin plane. Although in the course of the optimization
done here both quantities are improved, the improvement in
Qtot is due primarily to the improvement in Qvertical.

Figure 9 shows the intermediate designs as the total re-
flectivity is increased. The initial round hole becomes trap-
ezoidal and eventually approaches the converged shape. Dur-
ing the optimization, a sharp point exists on the boundary
along the plane of symmetry. This sharp point eventually
disappears. There is no explicit constraint in the GPM that
enforces smoothness at the boundary of the domain, but the
boundaries eventually become smooth as a consequence of
the optimization. The optimized design does not exhibit any
very sharp features that cannot be fabricated.

The correlation between the Q factor and total reflectiv-
ity is shown in Fig. 11 as a function of optimization iteration.
The Q factor trend does not perfectly match the reflectivity
trend but the two curves exhibit the same positive change.
Since these data are generated using the verification model
discussed above, there is about a 10% uncertainty to each
data point. This is apparent in that the initial design, as de-
fined via the GPM, has a Q factor of �38 000, while the
same design, defined as a set of perfect circles using the
NURBS surface definition, has a Q factor of �41 000.

Two conclusions can be drawn from Figs. 9 and 10. The
first few iterations appear almost identical, yet they have
significantly different Q factors. This implies that the initial
design is very sensitive to small changes in the shape of the
material boundaries. This is not surprising since Fig. 2 al-
ready showed that the Q factor is a strong function of nearest
neighbor hole radius. The round holes used in the conven-

FIG. 7. The magnitude of the Hz fields of the �left� unoptimized and �right�
optimized designs.

FIG. 8. The improvement in Qtot, Qvertical, and Qin plane during the optimiza-
tion. The improvement in Qvertical drives the improvement in Qtot.
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tional approach are clearly a bad choice, as they are highly
sensitive to small changes. The design optimized by the
GPM, on the other hand, does not exhibit this problem. The
last few iterations of the GPM show the opposite trend: rela-
tively large changes in hole shape have only a negligible
effect on the Q factor. This leads to the conclusion that the
optimal design found via the GPM is more resistant to fab-
rication defects than the initial design found by the parameter
search. This point is particularly important for practical ap-
plications of the design method since fabrication by etching
or other means may introduce some variation in feature size
or shape. Experimental verification of the robustness of the
optimized designs is currently underway and will be reported
in a future publication.

Lastly, the effective volume of the lasing cavity is shown
in Fig. 11 as a function of optimization iteration. The effec-
tive volume is decreased from about 7�� /2n�3 to 6�� /2n�3.
This decrease in effective volume, although desirable, is un-
related to the optimization objective. The total reflectivity of
the structure has no relation to the effective volume. The
Purcell factor, which is proportional to the ratio of Q factor
to the effective mode volume, is also plotted: it almost
triples, from about 300 to 800. It is again stressed that this
improvement is not a direct outcome of the optimization
problem statement but is nonetheless a positive result.

SUMMARY

In summary, the GPM is used here to improve the Q
factor of a photonic crystal laser cavity by optimizing the
total structural reflectivity. Initial optimization using a con-
ventional approach is used to find the best combination of
nearest neighbor hole radius and surrounding hole radius.
The relationship between the total reflectivity of the structure
and the Q factor is demonstrated. The GPM is used to im-
prove the total reflectivity, which leads to an improvement in
Q factor. The Q factor of the optimized design is more than
doubled when compared to the initial design. The designs are
verified via models based on the level set curves implicitly
defined in the GPM. This work demonstrates one way to
optimize the Q factor of a PCL by altering the hole shape.
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